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Type-III Dirac Cones from Degenerate Directionally Flat Bands: Viewpoint from
Molecular-Orbital Representation
Tomonari Mizoguchi ∗ and Yasuhiro Hatsugai
Department of Physics, University of Tsukuba, Tsukuba, Ibaraki 305-8571, Japan
We present a systematic method of creating type-III Dirac cones from degenerate directionally flat bands. Here, the
directionally flat band means a completely dispersionless band only in a certain direction. The key strategy is to retain
one of the directionally flat bands while making the other dispersive, by adding a perturbation having a selected form
of a Hamiltonian matrix. Such a form of a perturbation is found by using the “molecular-orbital representation” which
we have developed to describe flat-band models. The models thus obtained host type-III Dirac cones even without fine-
tuning hopping parameters. To demonstrate the ubiquity of this method, we study concrete examples of two-band models
and a four-band model.
Introduction.– Condensed matter realization of Dirac
fermions has been of particular interest for decades. Suc-
cessful fabrication of graphene1–3) boosted this research field.
Nowadays, it is found that the Dirac fermions are ubiquitously
realized in various materials, both in (quasi-) two dimensions
(2D)4–8) and three dimensions (3D).9–18)
One of the characteristic features of Dirac fermions in con-
densed matter systems is the spatial anisotropy, originating
from lattice structures and/or orbital characters. Remarkably,
the shape of the Fermi surface can be changed while keep-
ing the band touching point between conduction and valence
bands. Specifically, there are three types of Dirac fermions:
type-I, type-II, and type-III. In 2D, the classification of these
three is associated with the shape of equi-energy surface. For
the type-I, the equi-energy surface around the Dirac point
is shaped in ellipse. For the type-II, the equi-energy surface
around the Dirac point turns to hyperbola. The type-III is a
critical point between the type-I and type-II, where one of the
bands forming the cone is completely flat in a certain direc-
tion, resulting in the straight-line-shaped Fermi surface. We
note that this classification also holds in 3D, although pos-
sible shapes of equi-energy surface may be more abundant.
From this definition, one finds that the type-III is rare com-
pared with the types I and II, but it started to attract attentions
recently,19–29) in particular, as an analog of black-hole event
horizon in condensed matters.19–21, 30)
For further studies of possible intriguing physics of type-III
Dirac fermions such as orbital magnetism,31–35) correlations
effects (both short-ranged and long-ranged ones),36–41)
magnetic-field-induced phenomena,42–47) impurity ef-
fects,48–50) superconductivity,51, 52) non-Hermiticity,53–58)
etc., which have been intensively studied for type-I and
type-II Dirac fermions, search for simple lattice models
hosting type-III Dirac cones is highly desirable. Such models
are also suitable for artificial-materials realization. However,
it is naively expected that one needs quantitative fine-tuning
of parameters to obtain the type-III Dirac fermions, since it
is a critical point between the tilted type-I and the type-II.
Then, the following question arises: Can we construct lattice
modes of the type-III Dirac cones in a systematic manner?
∗mizoguchi@rhodia.ph.tsukuba.ac.jp
In this letter, we propose a systematic scheme to con-
struct lattice models hosting type-III Dirac fermions. Our
main idea relies on the molecular-orbital (MO) representa-
tion,59–62) which we have developed to understand and design
flat-band models. Considering the fact that the type-III Dirac
cones host the flat branch in a certain direction, it is natural
that the scheme to describe flat-band models can be utilized
to tailor the type-III Dirac cones.
The model construction discussed here consists of two
steps. Firstly, we start from the models where zero modes
present on certain lines in the Brillouin zone, which we call a
“directionally flat band”, and these modes are doubly degen-
erate. Secondly, we add a perturbation such that one of the
degenerate directionally flat bands remains to be flat while
the other penetrates this band, the crossing point of which is
nothing but a type-III Dirac cone (Fig. 1).
We demonstrate how this idea works in both minimal two-
band models and models with more than three bands. We
present the concrete examples on square and diamond lattices
for the two-band case, and the two-dimensional Su-Schrieffer-
Heeger (2D SSH) model63–66) for the four-band case. In these
examples, though the form of the matrix is rather restricted,
fine-tuning of parameters is not needed to obtain the type-
III Dirac fermions. Therefore, our scheme will open up a
way to investigation of the physical properties of the type-
III Dirac fermions on simple lattice models, and realization of
these models in artificial topological systems such as mechan-
ical systems, electric circuits, photonic crystals and phononic
crystals.
k k
Fig. 1. (Color online) Schematic figure of our method of creating type-III
Dirac cones. The left panel represents the degenerate directionally flat bands
and the right panel represents the type-III Dirac cone obtained by making the
blue branch dispersive while keeping the red branch flat.
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Two-band models.— Let us first consider the two-band
models. We begin our argument with a conventional form of
Dirac Hamiltonian, H (0)k = dk · σ, where k denotes the wave
vector in 2D or 3D, and σ = (σx, σy, σz) are Pauli matrices.
We assume the existence of the doubly-degenerate zero mode
along certain straight lines in the Brillouin zone, labeled by
L j. We refer to this band structure the degenerate directionally
flat band. For the Dirac Hamiltonian, this means that dk = 0
on k ∈ L j. Although this is a rather restricted situation, there
exist several well-known examples, as we will show later.
To create the type-III Dirac cones, we need to modify the
model such that one of the degenerate directionally flat bands
is remained to be flat, while the other is dispersive and in-
tersects the directionally flat band. To do this, we modify the
Hamiltonian asH totk = H (0)k +H ′k, where
H ′k =
(
ak ake−iφk
akeiφk ak
)
, (1)
with ak and φk being the real functions of k. In fact, H ′k is
a “flat-band” Hamiltonian, as the rank of the Hamiltonian is
1 rather than 2. To be specific, H ′k can be written as H ′k =
akx0x†0 with x0 = (1, e
iφk )T, hence the vector (1,−eiφk )T,
which is orthogonal to x†0, becomes zero-energy eigenvector
regardless of k. Such a representation of the Hamiltonian ma-
trix by using the non-square matrix is called the MO repre-
sentation, and, it is useful to study and design flat-band mod-
els.59–62) In the following, for simplicity, we consider the case
of φk = 0.
On k ∈ L j, we have H totk = H ′k as H (0)k = 0. Then, the
dispersion relation along this line becomes εk = 0, 2ak. This
means that, if the sign change of ak occurs at a certain point
on L j, that point naturally becomes a type-III Dirac point. No-
tably, ak can be chosen flexibly as far as this condition is sat-
isfied, so the fine-tuning of parameters is not needed.
We demonstrate how this idea works in the concrete ex-
amples. The first example is the square-lattice model in 2D
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Fig. 2. (Color online) (a) The band structure of the square-lattice model
with the spin-dependent nearest-neighbor hopping with t = −1. (b) The band
structure for the model with the additional nearest-neighbor hoppings with
t = −1 and t′ = −0.3. The green solid and dashed circles denote the type-III
Dirac cones, on the lines of kx + ky = pi and kx + ky = −pi, respectively, and
the red line in the 3D plot is the flat branch of the Dirac cone.
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Fig. 3. (Color online) (a) The band structure of the nearest-neighbor hop-
ping model on a diamond lattice with t = 1. (b) The band structure of the
modified model with (t, λ1, λ2, λ3) = (1, 0.2, 0.1, 0.05). The green circle de-
notes the type-III Weyl point, and the red line in the 3D plot is the flat branch.
The coordinates of the high-symmetry points are Γ = (0, 0, 0), X = (2pi, 0, 0),
W = (2pi, pi, 0), K =
(
3pi
2 ,
3pi
2 , 0
)
, and L = (pi, pi, pi).
for spinful fermions. The original Hamiltonian H (0)k is cho-
sen to be the nearest-neighbor hopping model, but the sign
of the transfer depends on the spin.67) Namely, we take dk =
(0, 0, dzk) with d
z
k = 2t
(
coskx + cos ky
)
. dzk becomes zero for
the lines kx+ky = ±pi, i.e., the directionally flat band is formed
on these lines [Fig. 2(a)].
As for the additional term, we set ak as
ak = 2t′
(
coskx − cos ky
)
. (2)
It is, however, to be emphasized that ak is not necessarily
chosen in this form. We also note that H ′k corresponds to
the nearest-neighbor hoppings whose sign is opposite in x
direction is opposite to y direction, for both spin-conserved
and spin-flipping channels. ak becomes zero when kx = ±ky.
Then, from our generic argument, the type-III Dirac points
appear at the intersections of kx + ky = ±pi and kx = ±ky, that
are, k =
(
± pi2 ,± pi2
)
. In Fig. 2(b), we plot the band structure for
the modelH (0)k +H ′k. We indeed find the type-III Dirac points
at those points.
The second example is the diamond-lattice model in
3D for spinless fermions, where we can create the type-
III Weyl semimetal. The original Hamiltonian H (0)k is
again chosen to be the simple nearest-neighbor hop-
ping model. The corresponding dk is (dxk, d
y
k, 0) with
dxk = t (1 + cos k · a1 + cos k · a2 + cos k · a3) and dyk =
t (sin k · a1 + sin k · a2 + sin k · a3); here a1 =
(
0, 12 ,
1
2
)
, a2 =(
1
2 , 0,
1
2
)
, and a3 =
(
1
2 ,
1
2 , 0
)
are three lattice vectors. This
model hosts doubly-degenerate directionally flat band on X-
W lines, i.e, the line on (2pi, ky, 0), as shown in Fig. 3(a).
To realize the type-III Weyl semimetal, we again add H ′k.
In the present model, we choose
ak = 2λ1 cos (k · a1) + 2λ2 (cos k · a2) + 2λ3 cos (k · a3) . (3)
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Although this looks simple, the actual hoppings correspond-
ing to ak are more or less unnatural, namely, they are
direction-selected second-neighbor hoppings between the
sites on the same sublattice, and the nearest-neighbor and the
third neighbor hoppings between the sites on the different sub-
lattice. The band structure of the modified model is in shown
in Fig. 3(b). We see the Weyl point between X and W, where
ak = 0 is satisfied. Hence, the type-III Weyl semimetal is re-
alized in this model.
Beyond two-band models.— Next, we consider the models
having more than three internal degrees of freedom, where the
existence of degenerate directionally flat bands is not neces-
sarily the consequence of the Hamiltonian matrix being zero.
In other words, the original Hamiltonian itself can be written
by the MOs along certain lines. As a result, the form of the
additional term becomes less restricted, which allows us to
construct more feasible models compared with the two-band
models.
For concreteness, let us consider the 2D SSH model63–66)
[Fig. 4(a)], whose Hamiltonian matrix is given as
H (0)k =

0 0 αkx βky
0 0 β∗ky α
∗
kx
α∗kx βky 0 0
β∗kx αky 0 0
 , (4)
where αkx = ta + tbe
−ikx and βky = ta + tbe−iky . In this model,
the dispersion relation can be obtained as εk = ±
∣∣∣|αkx | ± |βky |∣∣∣.
From this expression, we find that there exists a doubly-
degenerate zero-energy directionally flat band in the Brillouin
zone where |α| = |β| is satisfied.63–66) Specifically, this is satis-
fied on the lines kx = ky and kx = −ky. In Fig. 4(b), we plot the
band structure, where we indeed find the doubly-degenerate
zero-energy directionally flat band on these lines.
To proceed, we employ the MO representation along these
lines, namely, we rewrite the Hamiltonian matrix by using the
non-square matrix. In the following, we focus on the line of
kx = ky, but the similar argument holds for kx = −ky. Setting
kx = ky = k, we have αk = βk, which we denote γk = |γk |eiθk .
Note that |γk | , 0 for any k if |ta| , |tb|. Let Ψk be a 4 × 2
matrix:
Ψk =

eiθk 0
e−iθk 0
0 1
0 1
 , (5)
and hk be a 2 × 2 matrix: hk = |γk |σx. We call each column of
Ψk a MO. Then, the Hamiltonian of Eq. (4) can be rewritten
as
H (0)(k,k) =

0 0 γk γk
0 0 γ∗k γ
∗
k
γ∗k γk 0 0
γ∗k γk 0 0

= ΨkhkΨ
†
k . (6)
As Ψ†k is a non-square matrix, the dimension of the kernel
of Ψ†k is finite; more precisely, we have dim [Ker(Ψ
†
k)] = 2.
Hence, there exists two zero modes ofH (0)(k,k) for any k.
Having this MO representation at hand, we now consider
how to deform the doubly-degenerate flat band into the type-
III Dirac cone. Our strategy is to addH ′k such that the Hamil-
tonian is written in the form
H tot(k,k) = H (0)(k,k) +H ′(k,k) = Ψ˜kh˜kΨ˜†k , (7)
where
Ψ˜k =

eiθk 0 0
e−iθk 0 0
0 1 1
0 1 −1
 , (8)
and h˜k satisfies det h˜k = 0 at some points on k ∈ [−pi, pi]; the
second condition ensures that the band crossing between the
directionally flat band and a dispersive band occurs.61) In Ψ˜k,
a new molecular orbital, (0, 0, 1,−1), is added to Ψk. As Ψ˜†k is
a 3 × 4 matrix and thus dim [Ker(Ψ˜†k)] = 1, one of the bands
remains to be flat and to have zero energy. Then, the point
satisfying det h˜k = 0 naturally becomes a type-III Dirac cone.
The above strategy can be realized by adding, for example,
the following term:
H ′k =

0 0 0 0
0 0 0 0
0 0 0 t2xeikx + t2ye−iky
0 0 t2xe−ikx + t2yeiky 0
 , (9)
which is schematically depicted by solid and dashed purple
lines in Fig. 4(a). We again emphasize that this is not the only
form ofH ′k that can realize the type-III Dirac cone. This addi-
tional term corresponds to the inter-unit-cell second-neighbor
hoppings between sublattices 3 and 4. Then, the total Hamil-
tonian H tot(k,k) is indeed written in in the form of Eq. (7), and
the corresponding h˜k is given as
h˜k =
 0 |γk | 0|γk | fk igk0 −igk − fk
 , (10)
where fk =
(t2x+t2y) cos k
2 and gk =
(t2x−t2y) sin k
2 . From Eq. (10),
one finds that det h˜k = 0 is satisfied when fk = 0,68) i.e.,
t2x + t2y = 0 or k = ± pi2 . For the former case, the doubly
degenerate flat band remains along the entire line, while the
latter case yields the type-III Dirac cone.
The resulting band structure is shown in Fig. 4(c). As ex-
pected, we obtain the type-III Dirac cones on the line of
kx = ky, and they also appear on the line of kx = −ky. Note
that the the Dirac cone on the line kx = −ky [a green dashed
circle in Fig. 4(c)] is not located at kx = −ky = ± pi2 . This is due
to the fact that H ′k breaks the four-fold rotational symmetry.
From the viewpoint of the MO representation, this is due to
the fact that the form of h˜ on the line of kx = −ky is different
from that on kx = ky.
Summary.— In summary, we have proposed a systematic
construction of the type-III Dirac cones for simple lattice
models. In short, our proposal is summarized as follows: it
is not the model parameters but the form of the Hamiltonian
matrix that is to be tuned to create the type-III Dirac cones.
To be concrete, we start from the models having degenerate
directionally flat band, and add a perturbation that can retain
one of the directionally flat band while making the other in-
tersect the flat band. We demonstrate how this idea works by
presenting the examples of two-band models, i.e., the square-
lattice model with spin-dependent hoppings and the diamond-
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Fig. 4. (Color online) (a) Schematic figure of the modified 2D SSH model. The green shade represents the unit cell. The hoppings on red and blue bonds
are ta and tb, respectively; those on solid and dashed purple bonds are t2x and t2y, respectively. For the conventional 2D SSH model, t2x = t2y = 0. (b) The
band structure of the 2D SSH model with ta = 1, tb = 1.5, t2x = t2y = 0 (i.e., the conventional 2D SSH model), and (c) that of the 2D SSH model with ta = 1,
tb = 1.5, t2x = 0.2, and t2y = 0.1. The green solid and dashed circles denote the type-III Dirac cones on the lines of kx = ky and kx = −ky, respectively, and the
red lines in the 3D plots are the flat branch of the Dirac cone.
lattice model, as well as the 2D SSH model which has four
bands. For two-band cases, we start from the models where
the Hamiltonian becomes zero along certain directions, and
the additional term to lift the degeneracy of the directionally
flat band is represented by the MO. For the 2D SSH model, the
original Hamiltonian itself is represented by the MOs, thus the
type-III Dirac cone is obtained by controlling the number of
MOs we need to express the Hamiltonian. We hope that our
scheme of the model construction is useful to further stud-
ies of the type-III Dirac cones in various aspects, including
numerical studies on simple lattice models and the design of
artificial materials.
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